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In  most  universities  the  mass  scheduling  of  students  to  classes 


requires  from  a  half  a  man-year  to  several  man-years  of  time,  couni,ing  onl 
the  time  of  the  faculty  members  and  administrators  involved.  Although  the 
job  is  spread  over  a  number  of  individuals,  it  is  an  onerous  tasV ,  that 
seemingly  should  be  done  by  a  coiuputing  machine.  Moreover,  because  most 
scheduling  is  presently  done  in  a  decentralized  way  by  many  people,  the 
only  objective  that  present  scheduling  techniques  can  have  is  that  of 
obtaining  a  feas ible  schedule,  that  is,  one  that  the  faculty  and  students^ 
can  "live  with".  One  can  easily  think  of  other  objectives  of  a  good 
scheduling  technique  such  as:  to  minimize  the  niin.ber  of  sections  of 
multiple  section  courses,  while  keeping  the  size  of  the  courses  within 
given  bounds;  to  utilize  classroom  facilities  as  efficiently  as  possible; 
to  preserve  as  much  flexibility  as  possible  in  the  final  schedule  to  ali  . 
for  final  manual  adjustments  late  registration,  course  changes,  etc.  It 
is  reasonable  to  expect  that  an  efficient  computer  prograin  for  obtaining 
a  feasible  schedule  could  also  provide  some  of  these  other  desirable 
qualities  in  a  completed  feasible  schedule. 

Solving  the  scheduling  problem  for  a  single  student  is  a  relatively 
simple  task  for  humans.  Freshmen  learn  what  the  combinatorial  problem 
is  and  how  to  deal  with  It  during  the  first  week  or  so  that  they  are  on 
campus.  Moreover,  through  years  of  experience,  registrars  a‘  colleges 
have  learned  how  to  "solve"  the  college-wide  scheduling  problem. 

A  great  deal  of  effort  has  been  expended  over  the  last  8  to  10 
years  in  prograimning  for  computers  heuristic  solutions  to  college 
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scheduling  problems.  The  literature  cited  in  tne  bibliography  s  typical 
of  some  of  this  effort.  An  examination  of  these  programs  reveal  a  number 
of  common  characteristics.  Very  little  if  ai.y  search  of  possible 
alternatives  at  a  decision  point  is  carred  out  by  these  heuristic  programs. 
Instead,  decisions  are  made  on  an  ad  hoc  basis  following  the  heurist  c 
ideas  developed  by  the  author(s)  of  the  programs.  Thus  such  programs  are. 
roughly  speaking,  just  as  good  as  the  schedulers  who  devised  them.  it  is 
easy  to  see  why  these  methods  do  not  consider  a  complete  combinatorial 
search  of  alternatives  for  che  entire  scheduling  problem,  since  that 
problem  is  far  too  big.  But  it  is  (...jually  obvious  that  an  improvement  over 
hujr.an  or  straight  heuri.stic  performance  should  be  possible  if  «  partial 
search  of  the  alternatives  is  carried  out. 

Ir.  the  present  paper  the  author  proposes  a  method  for  solving  the 
problem  that  combines  heuristic  and  algorithmic  ideas.  Namely,  it  uses 
iieuristic  ideas  for  deciding  on  the  order  in  which  to  consider  the 
students,  and  for  setting  up  the  actual  mathematical  problem  to  be  solved, 
but  in  making  the  specific  assignment  of  a  student  to  class  sections,  an 
integer  programming  problem  is  solved  whose  objective  function  is  to 
minimize  the  sum  of  Che  slacks  in  the  sections  considered.  As  far  as  the 
author  knows  this  is  the  first  time  that  heuristic  and  algorithmic  ideas 
have  been  combined  in  this  manner. 

The  proposed  method  has  the  following  features; 

(1)  Given  (a)  a  list  of  the  available  courses  sections,  times 
and  maximum  enrollments,  and  (b)  for  each  student  a  list 
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of  the  courses  he  would  like  to  take  together  with  2 
or  3  hours  during  the  week  at  which  he  would  like  to 
be  free,  the  program  produces  schedules  for  each  student, 
and  an  over-all  feasible  schedule  for  the  whole  university 
that  keeps  within  the  prescribed  bounds  (providing  such 
a  feasible  schedule  exists. ) 

(2)  At  the  heart  of  the  method  is  a  streamlined  version  ot 

the  "stopped  simplex  method"  for  solving  integer  programming 
problems,  developed  by  the  author  in  [18!, 

(3)  The  resulting  schedule  is  not  necessarily  optimal 
relative  to  any  objective  function.  However,  several 
heuristic  rules  are  built  into  the  code  which  give  it 
high  probability  of  finding  a  schedule  that  is  optimal 
or  nearly  optimal  relative  to  the  objective  function 
proposed  in  the  model. 

(^)  The  model  as  we  propose  it  has  a  built  in  objective  function 
that  makes  it  end  up  with  a  relatively  flexible  final 
schedule  which  permits  final  adjustments  relatively  easily. 

(5)  The  computer  time  (IBM  7090  or  equivalent  machine) 

required  to  schedule  all  the  students  in  a  university 
having  13,000  to  20,000  students  is  estimated  to  be 
2  or  3  24-hour  days,  i.e. ,  a  long  weekend.  Hence  the 
method  is  practical  on  a  real-time  basis.  Alternatively, 
it  could  be  designed  tor  an  "on-line,  real-time"  application. 


(6)  The  objective  function  of  the  model  can  be  changed 

in  various  ways  by  individual  users  to  meet  other  kinds 
of  scheduling  objectives,  such  as  the  ones  suggested  in 
the  first  paragraph  above. 

In  the  remainder  of  the  paper  we  first  discuss  the  feasib’ lity  model, 
the  solution  of  which  would  resemble  present  scheduling  techniques.  Next 
an  improved  model,  the  minimax  slack  model,  is  described  and  a  computationa 
method  for  using  it  is  outlined.  Finally,  computational  results  with 
specific  examples  is  presented. 

THE  FEASIBILITY  MODEL 

In  the  present  section  we  shall  define  a  simple  linear  programming 
model  of  the  classroom  scheduling  problem  that  is  similar  to  present 
methods  ii.  hat  it  requires  only  feasibility  of  the  resulting  student's 
schedule.  There  is  no  assurance  that  if  the  feasibility  method  were  used 
over  and  over  again  to  find  schedules  for  all  the  students  an  overall 
feasible  schedule  for  the  whole  university  would  be  found  having  any  given 
desirable  property.  We  discuss  the  feasibility  model  to  imitate  present 
scheduling  techniques  and  to  set  the  stage  for  an  improved  model  that 
we  will  discuss  in  a  subsequent  section. 

Assume  that  a  given  student  has  indicated  the  courses  that  he  wants 
to  take  plus  his  free  times.  To  define  the  linear  programming  problem  of 
the  feasibility  model  of  the  scheduling  problem,  let  c  be  the  course 
number,  s  the  section  number,  and  t  the  time  it  meets.  Th°n  define 
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1/ 

the  variables 


(1) 


x(c,s.t) 


if  the  student  takes  course  c,  in 
section  s,  meeting  at  time  t 

0  otherwise. 

V 


We  then  define  the  following  constraints  on  these  variables: 


(2)  L  x(c,s,t)  *  1  for  each  course  c  desired 
s ,  t 

This  constraint  insures  that  the  student  will  be  signed  up  for  exactly 
one  section  of  course  c.  To  insure  that  he  will  not  be  signed  up  for 
more  than  one  course  at  the  same  time,  we  also  require: 

(3)  E  x(c,s,t)  <  1  for  each  t. 

c  ,s 


We  also  add  constraints  of  the  form 


(4)  E  x(c,s,tj^)  •  0  for  each  t  ,  i-l,....k, 

c.s 

tH 

where  k  is  the  number  of  free  times  and  t^  is  the  time  of  the  i 
free  time.  Also  in  case  the  student  wishes  to  take  a  cou.se  that  has 
only  one  section,  a  constraint  of  thu  form  (4)  will  be  added  for  each  such 
course.  Since  most  of  the  courses  that  juniors  and  seniors  take  are  one 
section  courses,  only  a  trivial  scheduling  problem  exists  for  them. 

This  method  of  describing  the  problem  is  not  the  form  v^ich  is  best 
to  write  a  computer  program;  see  later  examples. 


6- 


We  also  define  the  variables  B(c,s,t)  whose  initial  values  are  the 
numbers  of  seats  in  course  c,  section  s,  meeting  at  time  t  .  If  a 
student  is  assigned  to  that  section,  the  number  is  reduced  by  1.  In 
order  to  close  off  a  section  when  there  are  no  more  empty  seats  in  the 
room  we  add  the  restriction 

(5)  x(c,s,t)  <  B(c,s,t) 

When  B(c,s,t)  »  0,  this  constraint  gives  x(c.s,t  =  0  so  that  no  more 
students  will  be  assigned  to  that  section. 

Inequalities  (1)  -  (4)  together  with  the  fact  that 
0  <  x(c,s,t)  <  1  define  a  convex  set  of  feasible  vectors.  We  want 
to  find  a  point  in  the  set  that  makes  all  of  the  values  of  x(c.s,t) 
equal  to  0  or  1.  The  computational  method  used  is  the  stopped  simplex 
method  for  integer  programming  described  by  the  author  in  [1].  To  turn 
the  problem  into  an  integer  programnlng  problem  it  is  necessary  to  define 
an  objective  function.  Exactly  tihat  objective  function  is  unimportant 
for  the  present  model,  so  we  choose  the  function: 

(6)  Minimise  £  x(c,s.t) 

c.s.t 

We  know,  in  fact,  that  for  any  feasible  solution  the  value  of  the 
objective  function  is  p  «^ers  p  is  the  number  of  courses  the  student 
wants  to  take.  Hence  the  objective  function  does  not  rule  out  the  choice 
of  any  feasible  integer  solution  vector. 
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The  model  defined  by  (l)-(6)  will  be  called  the  feasibility  model. 

2 

Because  of  the  form  of  the  objective  function,  the  method  (for 

stopped  simp. ex  method)  will  simply  pick  out  some  feasible  schedule 
and  asslg!:  ^t  f-u  the  student.  '•Ills  resembles  in  many  ways  the  present 
methods  of  hand  scheduling,  except  that  hand  schedulers  may  make  some 
attempt  to  even  the  load  on  various  sections  so  that  the  "most  desirable" 
sections  will  not  be  closed  out  early  in  t!ie  st.eduling  process,  leaving 
onlj  the  "less  desirable"  ones  for  late  registrutions, 

2 

Exactly  which  feasible  schedule  the  S  method  will  chouse  depends 
very  heavily  on  the  order  in  which  the  constraints  for  the  various  sections 
are  listed  in  the  problem.  If,  for  instance,  the  sections  were  always 
listed  In  the  same  fixed  order,  there  would  be  a  tendency  for  sections 
listed  first  to  be  filled  up  first,  then  those  listed  next,  etc. 

Because  of  the  above  objections  to  the  feasibility  model,  It  was  not 
tested  out,  and  Instead  the  mlnimax  slack  model,  to  be  described  next, 
was  developed. 


THE  MINIMAX  SLACK  MODEL 

The  problem  of  any  scheduling  method  is  to  balance  the  conflicting 
desires  of  (a)  the  students,  and  (b)  the  registrar  (representing  the 
faculty  and  administration  of  the  university.)  Most  students  would  like 
to  have  their  classes  begin  after  10  a.m.  and  end  by  3  or  A  p.m.  They 
also  would  like  not  to  have  Saturday  classes.  Naturally  such  schedules 
cannot  be  obtained  for  all  students  simultaneously.  However,  It  Is  an 
empirical  observation  of  many  students  that,  with  the  present  scheduling 
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techniques,  more  of  (heir  desires  can  be  fulfilled  if  they  register  early 
than  if  they  register  late.  ir  seems  that  a  good  scheduling 
technique  should  treat  students  on  an  equal  basis  as  far  as  it  is 
possible,  regardless  of  when  the'’  arrive  in  the  scheduling  queue,  so 
long  as  they  meet  some  registration  deadline. 

The  main  objective  of  the  registrar  is  the  construction  of  a 
feasible  schedule  for  the  whole  universitv  having  the  property  that  everv 
student  takes  the  courses  he  wants  without  conflicts  in  his  scheduled  times, 
and  so  that  more  students  are  not  assigned  to  a  classroom  than  there  ure 
empty  seats  avai.able.  After  the  main  objective  has  been  obtained,  the 
registrar  would  like  to  have  other  objectives  such  as  flexibility, 
classrooms  used  efficiently,  etc. 

The  feasibility  model  of  the  previous  section  might  be  sufficient 
to  obtain  an  overall  feasible  schedule  if  care  were  taken  on  the  order 
of  introduction  of  constraints,  or  alternatively,  the  entire  problem  were 
passed  through  the  computer  several  times.  We  propose  instead  a  method 
which  will  obtain  simultaneously  the  main  objective  of  a  feasible  schedule 
plus  the  secondary  objective  of  retaining  as  much  flexibility  as  possible 
for  late  registration  and  -)ur8e  changes. 

The  minimax  slack  model  utilizes  expressions  (l)-(4)  of  the  previous 
section  (but  not  (S'*  and  (6)).  Also  new  variables  x(c)  are  added,  one 
for  each  course.  Then  the  constraints 

(7)  x(c)  ^  B(c,s,t)  -  x(c,s,t)  for  each  s.t 
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rcqulre  that  x(c)  be  greater  than  cithei  (a)  B(c,a,t)  or  (b)  B<c,a,t)  •  1 
depending  upon  «diether  x(c,8,t)  is  0  or  i.  In  other  irords,  x(c) 
is  greater  than  or  equal  to  the  maximum  slack  of  any  section  of  course  c, 
tdiere  we  shall  mean  by  slack  the  number  of  unassigned  places  in  a  given 
section.  We  now  state  the  objective  function  as 

(8)  Min  7  x(c), 

c 

which  means  that  the  objective  is  to  minimise  the  sum  of  the  maximum 
slacks  in  all  of  the  courses.  This,  in  selecting  sections  for  a  given 
student,  the  simplex  method  will  try  to  select  sections  with  maximum 
slack,  if  it  is  feasible  to  do  so. 

In  addition  we  built  into  the  simplex  method  the  rule  that  whenever 
several  vectors  can  be  brought  into  the  basis,  the  one  with  most  negative 
slack  is  chosen  to  be  brought  in.  Ihia  is  a  priority  rule  that  tries  first 
of  all  to  choose  the  class  section  with  maxiaaas  slack  as  the  first  try 
at  assigning  the  section  for  that  class.  We  considet  the  most  negative 
slack  rule  as  part  of  the  sUniaax  slack  nodal.  It  would  also  be  possible 
to  further  refine  the  rule  tr  nahe  the  priority  method  for  choosing  corae-in 
vectors  for  the  simplex  method  be  in  the  order  of  decrosjing  r  .ck.  The 
latter  has  not  yet  bean  isq^loMiitad  the  program. 

Equations  (1)~(4),  (7)  and  (0>  together  with  the  most  negative 
indicator  rule,  constitute  the  mtnimax  slack  model.  Since  the  variables 
must  have  Integer  values,  the  model  is  an  integer  linear  programming  model. 


s 


-10- 

la  th«  naxt  ■action  wa  shall  tndleata  a  aathod  fo^.  finding  solutions  to 
tha  problon,  but  first  wp  shall  glva  a  slapla  axanpla. 

Supposa  that  tha  studant  wants  to  taka  thraa  coursas,  English, 
Hatliamatlcs .  and  History,  all  of  which  mast  on  Monday.  Wadnasday,  and 
Friday.  Supposa  that  tha  avallabla  tlsMS  ara  as  In  Pigura  1. 


1  Course 

English 

Mathamatlcs 

History 

■  Timas 

'  Slacks 

1 

9  10  11 

10  10  9 

10  11 

6  7 

9  10 

5  5 

Plgura  1 


This  Mans  that  tha  Ingllah  saction  sMatiag  at  9  has  10  unatslgncd  seats, 
tha  aathasuktles  aaetfnn  at  11  hat  7  uMMMlfaai  aaats,  ate.  Ha  shall 
■at  up  tha  corraapoadiag  IImmt  latifar  pregr—i tag  problsm  using  a 
notation  that  is  lass  canfharaaM  tfMn  that  la  agnations  (l)-(8).  Lot 
E.  H,  and  I  ha  nMOa  of  vartihlaa  aattaapoading  u  tha  thraa 
coursas,  and  lat  anhaaripts  am  lhaaa  lattara  ba  tha  tunas  that  tha  sactlons 
■Mat.  Thus  1^  is  laglish  at  9,  Is  Madtanatlcs  st  11,  ate.  Than  the 
i^inlnsx  slack  nodal  consists  af  tha  anpeassions  <9)-(2J) 
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(9) 

®10  ®ll  “  ^ 

(10) 

-  1 

(U) 

"9  «11  ‘  ^ 

(12) 

Eg  +  Hg  <1 

(13) 

®io  ”10  -  ^ 

(14) 

Ell  «11  ^  «U  ^  ' 

(15) 

X^>  10 

■"9 

(16) 

Xe>io 

“ho 

(17) 

Xe>  9 

■hi 

(18) 

IV 

0 

X 

• 

(19) 

■hi 

(20) 

IV 

■«9 

(21) 

Al 

■hi 

(22) 

(23) 

Minisdso  t 

M«r«  •j^rMflont  (9).  (10),  and  (U)  eorratpond  to  (20;  (12),  (13),  ami 
(14)  to  (3):  and  (1^(21)  corraapoad  to  (7).  Bxpratsioni  (22)  and  (23) 
naad  aoBM  axplraation.  laataad  of  patting  tha  objactlva  function  in  the 
foni  (8)  wa  add  tha  conatraiot  (22)  which  involvaa  a  nav  variabla  t,  and 
than  aaak  to  ■iniaica  t,  aa  in  (23).  The  reason  for  doing  this  is  to 
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put  th*  problem  in  prepared  form  so  that  the  stopped  simplex  method , 
described  in  the  next  section  will  be  able  to  work  on  it  immediately. 

It  is  clear  that  (22)  and  (23)  are  equivalent  to  (8). 

Because  (9),  (10)  and  (11)  are  equalities,  they  will  be  rewritten 
as  a  pair  of  inequalities  tdien  put  into  the  final  linear  programning 
model.  (Actually,  it  is  well  kno%m  that  there  are  other  ways  of  handling 
equalities  in  linear  programming ,  but  this  particularly  simple  method  is 
used  in  order  to  keep  down  the  number  of  variables  in  the  problem). 

Hence  the  resulting  linear  programming  problem  will  have  11  variables 
and  17  constraints.  Note  that  all  the  coefficients  of  the  variables  are 
either  1,  •!,  or  0. 

It  might  be  conjectured  that  tha  above  linear  programming  problem 
would  have  a  solution  given  by  the  aimplex  method  in  integers,  but, 
unfort^lnately  this  is  not  the  case  and  recourse  must  ba  had  to  some  kind 
of  an  integer  progranming  algorithm* 

In  general  it  can  ba  aheaa  that  if  a  atmdaat  wants  C  courses,  such 

that  course  i  has  8^  aactioas  (lml»***i  C),  «diich  meet  at  T 

diffar«it  times,  thaa  tha  raaultiag  liaaar  iatagar  programming  problem 

will  have  S  4-  C  4  1  varii^les  aai  T  4  2C  4  S  constraints,  tdiare 
C 

S  ■  E  S..  Thus  the  typical  aisa  of  a  problaai  for  a  student  who  wants 
i-1  ‘ 

S  courses  in  a  medium  sised  college  would  be  around  30  variables  Md  40 
or  soconstraints  and  perhaps  considerably  greater  (see  the  example  discussed 
later. )  Such  a  problsm  is  an  integer  programming  problem  of  rather 


substantial  sise. 
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THE  COMPUTATIONAL  METHOD 

At  th«  prtvioua  exttqple  illustrates .  the  solution  technique  for 
the  problen  requires  an  integer  prograrnning  technique  that  can  solve 
fairly  big  problsaw  rapidly.  To  get  an  estimate  of  how  fast  the  method 
imist  be,  note  that  if  students  can  be  handled  at  the  rate  of  one  a 
minute  then  in  one  24  hour  period  only  1,440  students  will  be  scheduled. 

This  would  be  prohibitively  slow,  except  for  very  small  colleges.  To 
be  able  to  schedule  a  large  university  with,  say,  15,000  to  25,000  studenf.t>, 
it  is  necessary  to  be  able  to  schedule  students  about  ten  times  this 
fast,  on  the  average.  That  is,  the  scheduling  technique  should  handle 
a  student  in  about  6  seconds  on  the  average.  We  shall  next  describe 
such  a  method. 

In  [18]  the  autiior  dascrtbna  the  stopped  simplex  method  for  solving 
integer  progrommint  prohliM.  Wa  riuill  describe  a  straanlinad  version  of 
that  method  hare  for  aotviag  the  ahova  daacribad  scheduling  problems. 

In  order  to  daacriha  the  apeeial  varalon  of  the  stopped  simplex 
method  we  start  with  a  linear  prorating  problem  in  minimising  form: 

Min  wb 
Subject  to 

(24) 

mA  ^  c 

w  ^  0 

We  assume  that  w  is  Ixm,  A  Is  mxn,  b  is  mxl,  and  c  is  Ixn.  Also 
the  caa^onents  of  A,  b,  end  c  ere  assumH  to  be  integers  (without  loss 
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of  essential  generality. )  We  put  (24)  into  %ihat  we  shall  call 
prepared  form,  by  adding  one  more  variable  and  extending 

A,  b,  and  c  as  follows 

(25)  b*  -  i'***''^  ,  c*  -  (c.  0) 

\0  I J 

and  the  new  dimensions  are  A*  is  (mfl)  x  (nfl),  b^  is  (mfl)xl,  and 
c*  is  lx(n+l).  Then  the  prepared  foim  of  (24)  is 

min  w  , 
rafl 

subject  to 

(26)  wb*  >  0 

Hk*  >  C* 

w*  ^  0  . 

Note  that  wh*  •  w^^  -  wb  so  tiiat  alniailaing  w^^  in  (26)  is 
entirely  equivalent  to  nlaialalng  ub  in  (24). 

In  the  atoppad  aiaplax  nathod  cartain  of  tha  variablea  are  held 
fixed  and  tha  ratultlng  liaaar  ptagranninf  problan  is  solved  using  the 


remaining  variablas. 

To  sat 

up  a  notatiem 

for  this  we  lat 

<27) 

-  .  .‘W  4.  .<« 

where 

(28) 

,<w 

•  (Wj,...,Wj^, 

0,  ... |0) 

.(K) 

■  (0,  0, 

Vi . 

15 


/k) 

H«r«  th«  antrlea  in  a  ara  hald  flxad  during  tha  couraa  of  solving 

fk) 

a  glvan  linaar  prograanilng  problaa.  Spaclfleally,  supposa  that  s 
is  a  flxad  vactor  «Kth  nonnagatlva  intagar  componants.  Than  tha  linaar 
prograaning  problssi  to  ba  solvad  is 


(29) 


Min  w. 


Sub J act  to 


(k) 


w' b*  >  -  s 

A*  >  c*  -  s 

^  0. 


b* 

(k)^^ 


Nota  that  (26)  is  probl« 

It  should  ba  fMifcad  th^  ptaMana  of  tha  form  (29)  ara 
daaaaarata  in  tin  uaunl  pvafraHint  aanaa  and  ona  of  tha  standard 
tachnlguaa  af  linaar  ungfawitag  awit  ba  uaai  to  pcavant  cycling  or 
slow  convaraanaa  in  tin  alnH**  aailni* 


Wa  akall  uaa  tin  natation  ^  to  ataat  ter  '*tin  sawllast  intagar 
^  x".  Par  iaatanaa,  <•!/!>  ■  0,  <l/t>  •  1*  <»2>  «  *2  and  <2>  -  2. 

Va  shall  ahartlp  siva  a  fatntl  daaari^ian  of  tha  atoppad  sinplax 

algorithn«  But  first  wa  giwa  a  briaf  infomal  dMoription.  Tha  nathod 

b^ins  by  solving  than  it  sats  s^^  «  solvas 

Than  it  sats  s^  ■  <i»^>  and  soIvm  ate.  At  soaa  point,  say  in 

(k) 

tha  solution  of  P'  '.tin  problan  nay  have  no  solution.  Whan  this  hiM»pans, 
tha  nathod  narks  tha  (b*>l)st  vuridbla  a  failura.  raplncas  S|^|  by  •k|.|'4’l 
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(k) 

and  rasolvaa  P'  .  vfhan  a  variabla  has  baan  narkad  a  fallura  Cvlca  it 
is  "unstoppad"  and  k  is  incraasad  by  1,  and  tha  process  continued. 

The  whole  process  is  stopped  whan  kpO.  Tha  suttbamatical  basis  for  tha 
above  search  procasa  is  discussed  in  [18].  Note  that  tha  lower  bound 
calculations  of  that  refaranca  are  not  esqployad  here. 

A  formal  description  of  the  special  version  of  the  stopped  simplex 
method  for  the  classroom  scheduling  problem  is  as  follows: 

0.  k  a*  BW*!. 

fk) 

1.  Solve  P'  .  If  there  is  a  solution  go  to  2;  if  not  go  to  4. 

2.  Let  h  be  the  index  such  that  *”  ’''k  **ros  and 

is  not  a  aero,  or  else  h*l.  If  h«l  print  out  answer 
and  halt.  If  h  >  1  go  to  3. 

3.  Set  s^  <■  for  ....  k.  fat  k  ■  h*l.  Set 

S|^  «  <\>*  Go  CO  I. 

4.  Set  k  •  kbit  if  k  <  «6l  §0  to  §.  If  not  go  to  5. 

3.  If  k  «  ofl  raglOM  kp  k  ■  o.  Go  to  l. 

6.  Mark  (kfDot  oorUkto  •  ftiliuro. 

7.  If  the  kch  vorikklo  hoe  boon  oorkod  a  failure  twice  to  to  9; 
othefwiaa  go  Co  t. 

8.  Replace  S|^  by  Sat  hak-l.  Go  to  1. 

9.  Set  S|^  >  0,  replace  k  by  kfl.  Go  to  4. 

As  it  stands ,  the  algoritko  will  find  just  ona  solution  to  tha  scheduling 
problem;  it  cm  be  modified  to  find  all  solutions  if  desired. 
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ConputAtional  •xpcrisnc*  tdlth  tha  abova  algorltloi  for  solving 
tha  mlniaax  slack  sudal  of  classroon  schadullng  will  ba  discuss  In 
tha  n«ct  sactlon. 

It  should  ba  obsarvad  that  tha  abova  algorithm  and  the  mlnlsMx 
slack  modal  solve  tha  problem  of  schadullng  one  student  optimally 
(in  tha  sense  of  tha  minlmax  slack  aiodal).  But  tdiat  does  this  mean 
about  tha  problem  of  schadullng  all  tha  students  optimally?  It  Is, 
of  course ,  Impossible  to  sat  up  tha  schadullng  problem  for  all  students 
at  a  university  at  once,  since  that  would  lead  tc  an  integer  prograsning 
problem  having  billions  and  billions  of  variables. 

Vfhat  wa  do  instead  is  to  use  heuristic  Ideas  tc  extend  tha 
minlmax  slack  modal  to  a  schadullng  technique  for  an  entire  university. 
Tha  ideas  anployad  in  tha  ganaral  program  era  as  follows: 

1.  fut  tha  daslrad  coursa  ami  free  time  list  for  each  student 
on  tape. 

2.  taai  U  Um  iaairai  aaiirtaa  ami  free  ttmas  for  a  clock 

of  ataiamtt  from  tiipa  <aa  maap  aa  tiia  core  mamory  ccn  handle. ) 

3.  Sat  up  tha  iMatw  ptofrwMlag  prohlaa  for  a  given  student  and 

S 

solve  it  uaimt  ^  S  mathai.  Print  out  hia  schedule ,  and 
t^iata  tiia  alaaha  of  tha  oouraaa  to  which  ha  is  assigned. 

(In  case  no  faaaibla  s^aiuU  aniata  for  a  student  because 

of  filled  sactiona*  ramova  tha  student's  free  time  cptlons  and 
try  again.  If  there  la  still  no  solution,  print  out  that  fact 
so  that  tha  student  can  ba  scheduled  by  hand  after  consultation 
with  hlsu  ) 
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4.  If  all  atudanta  ara  achadulad,  halt.  Othatwlaa  go  to  3. 

Othar  hmiriaticB  ara  poaalbla  in  ordar  to  aiapllfy  tha  raaulting 
■chaduling  problema  and  spaad  up  tha  procaaa.  We  list  soma  of  thasa  naxt. 

HI.  If  tha  two  occurrancas  of  tha  word  "zaro"  in  stap  tvo  of  tha 
stoppau  sinplax  algoritha  dascribad  abova  ara  raplacad  by  tha  word 
"intagar,”  than  tha  raaulting  coda  is  not  an  algorithm.  But  is  a  vary 
good  hauristic  and  will  and  up  with  faasibla,  if  not  optimal  schadulas. 

It  will  also  spaad  up  tha  tiaa  to  get  an  answer  which  will  with  high 
probability  be  optisMl.  Tha  coBfutational  results  reported  on  in  tha 
naxt  section  ara  «d.th  a  coda  that  has  this  raplacaaMnt  made. 

H2.  Consider  tha  atudanta  in  tha  following  ordar:  special  students, 
seniors,  juniors,  sophoawra.  fraAnan*  (tha  rationale  bdiind  this 
heuristic  is  that  die  apeeial  aCnfonta  will  be  the  svat  difficult  to 
achadula  since  they  tend  te  nan*i>MeM8ti  eouraea.  Tha  juniors  and 
seniors  will  be  wwry  eeay  fee  afeheMe  a&eM  they  tend  to  taka  one-saction 
vwursaa.  Tha  aeflMmea  mA  tmtmm  tre  the  aeat  tiaa  conauaiing  to 
schadula  sinea  tbagr  tMi  te  Ufce  iMte  eecilen  intreiuctory  ceurses 
and  hence  have  the  aeafe  feeelble  aahafottee.  In  tetna  of  eaeputation 
tisM  they  ara  tha  neat  dlffientt  for  Mm  naiel. ) 

H3.  If  a  courae  haa  nere  dMn  ene  aeetien  neetiat  at  tiie  aane 
time,  choose  the  one  with  the  largeat  aleck* 

H4.  If  a  course  haa  (after  2)  nere  titan  5  sections.  choMa  a 
sitbsat  of  S  at  randoai.  pefhapa  weii^tad  in  tha  order  of  increasing 
slack.  Altamativaly.  let  eadi  student  pick  out  a  subsat  of  S 


-19 


••ctiooa  h«  tpottld  b«  villlttg  to  oecopt* 

HS.  If  tlioro  «r«  itlll  too  masey  foMiblo  schoduloi,  lot  tho 
otudMit  pick  3  or  ovon  4  hours  ho  wiohoo  to  hovo  froe.  In  ordor  to 
provont  too  nony  otudonts  picking  tho  oom  froo  houro,  dlvido  then 
Into  priority  cloosos  ond  pomlt  tho  studont  to  pick  ot  most  ono  from 

ooch  close. 

H6.  To  further  spood  up  tho  computotion,  pormlt  ooch  student 
to  propose  o  foosiblc  schedule  ho  tiould  like  to  hovo  ond  let  the  code 
use  the  schedule  os  on  inltlol  stort  for  tho  problem.  If  it  is  fooslblo 
ond  optlnol  tho  studont  will  got  thot  schedule,  but  If  not,  tho  progrom 
will  oltor  it  to  on  optlmol  sdiodulo. 

H7.  Tho  schodttllttg  prdbloo  eon  bo  doconposod  into  two  ports  by 
orbltrorily  chooelng  eortoin  eowrooi  to  bo  on  WF  ond  others  on  TTS . 

Then  two  smnllor  probloM  vnonlt  nbtili  onn  bo  solved  very  quickly.  Some 
sort  of  priooiky  foloo  tra  wmM  to  rofulro  tho  itudont  to  hove  some 
courooo  on  m* 

Oboionoly  awgr  oChor  p»§§Mm  hontiotico  eon  bo  used,  in  ooch 
sdiool  thocn  will  bo  •itontiono  idiioh  will  give  rise  to 

otiior  honrlitis  Mono  for  worting  wilh  tho  nodol.  Ao  oetuol 
dovolofont  of  tiM  nodol  will  muf  itm  oohool  to  odwol. 

OQMiifitfxoaAL  mum 

Ao  stoppod  sinploK  notfaod  for  solwlng  nlnlnox  sloek  problons  hos 
boon  progronmod  for  on  oloetronie  eonputor  (/090)  ond  o  number  of  oxnuplos 
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have  been  solved  with  it.  For  instance,  the  problen  of  Figure  1  was 
solved  (exclusive  of  problasi  setup  tisMs)  in  1.2  seconds  which  includes 
time  for  intermediate  printouts.  In  the  course  of  its  solution,  3 
stopped  linear  programing,  problem  ware  set  up  and  solved  and  a  total 
of  31  pivots  were  made.  This  is,  of  course,  a  very  simple  example, 
but  it  dous  correspond  to  the  scheduling  problem  of  an  upperclassman, 
since  it  is  likely  that  at  least  2  of  his  5  courses  would  be  one 
section  courses  and  only  the  remaining  3  would  be  multiple  section  courses. 

A  more  complicated  example  is  shown  in  Figure  2. 
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In  th«t  figure  are  shown  the  sections  open  to  different  courses. 

It  is  assumed  that  the  student  desired  HtfF  4  and  ITS  11  as  free  times, 
so  that  section;,  of  the  courses  open  at  these  hours  are  not  shown. 
Underneath  each  section  ttK>  different  assumptions  concerning  slacks 
are  labelled  (a)  and  (b).  Note  that  in  (a)  the  slacks  are  not  all  the 

same  in  all  the  course  sections,  but  in  (b>  all  slacks  are  the  same 

for  each  section  of  the  same  course,  is  expected  that  (a)  would 
be  the  most  typical  situation,  and  it  turns  out  to  be  much  easier  for 
the  stopped  simplex  method  to  solve  (a)  than  (b).  Ir  either  case  the 

problem  leads  to  an  K*  isatrlx  (see  (25))  of  dimensions  28x40.  The 

computer  times,  exclusive  of  problem  setup  tiiaes,  are  given  in  Figure  3 

Problem  (a)  8.4**  LP  4  Pivots  73 

Problem  (b)  22. r*  LP  9  Pivots  210. 

Figure  3 

If  we  regard  the  problem  of  Figure  1  i  s  typical  of  the  scheduling 
problem  posed  by  an  upper  cUsomb,  and  that  of  Figure  2  ae  typical  of  a 
lower  elesmMB  (freshmee  or  soplMBore),  end  also  regard  (a)  and  much 
amre  typical  then  (b),  tl^en  a  rough  average  estimate  for  all  students 
would  be  approximately  6  to  7  second  per  student,  including  problem 
setup  and  printout  of  answer  times.  Because  of  the  limited  experiimce 
the  author  has  had  with  this  algorithm  this  should  be  regarded  as 
merely  an  estimate,  not  a  firm  time.  More  accurate  estimates  will  emit 
the  actual  davelopm«ic  of  die  method  in  a  specific  scheduling  application* 


CONCUJSIOH 

With  prcicnt  caiiiput«r  spMds,  according  to  the  above  estinatas 
it  would  be  pce^ible  to  schedule  about  15,000  students  in  one  48  hour 
period.  Hence  the  method  is  feasible  on  a  real  time  basis  for  moderate 
sized  universities.  Moreover,  the  resulting  schedule  should  be 
considerably  better  than  present  schedules  in  terms  of  flexibility. 
Because  of  time  pressures,  it  probably  «K>uld  be  out  of  the  question 
to  reschedule  Jing,  say,  a  different  order  of  introducing  the  students, 
jr  using  different  heuristics,  to  see  if  a  more  desirable  solution  mi{^t 
be  found.  However,  if  computing  Mchine  Mims  increase  by  a  factor  of 
10,  the  same  job  could  be  dona  in  4.8  hours  so  .:hat  it  mi^t  be  possible 
to  ’Ttske  several  reruns.  Acd  if  computer  spaads  are  improved  by  a  factor 
of  100,  :t  would  he  possible  to  ie  tiM  above  scheduling  Job  in  1/2  huur, 
so  that  there  would  be  considarabta  leamay  ia  raiuming  problsms  with 
various  comDinatioms  of  heuriatica. 
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